Abstract. The Langlands Programme predicts that a weight 2 newform f over a number field K with integer Hecke eigenvalues generally should have an associated elliptic curve E f over K. In our previous paper, we associated, building on works of Darmon [Dar01] and Greenberg [Gre09], a p-adic lattice Λ to f , under certain hypothesis, and implicitly conjectured that Λ is commensurable with the p-adic Tate lattice of E f . In this paper, we present this conjecture in detail and discuss how it can be used to compute, directly from f , an explicit Weierstrass equation for the conjectural E f . We develop algorithms to this end and implement them in order to carry out extensive systematic computations in which we compute Weierstrass equations of hundreds of elliptic curves, some with huge heights, over dozens of number fields. The data we obtain provide overwhelming amount of support for the conjecture and furthermore demonstrate that the conjecture provides an efficient tool to building databases of elliptic curves over number fields.
Introduction

Perhaps one of the biggest achievements of number theory in the 20
th -century is the establishment of the correspondence between isogeny classes of elliptic curves over Q of a fixed conductor N and weight 2 newforms over Q of level Γ 0 (N ) which have integer eigenvalues. This correspondence is believed to admit a suitable extension to general number fields and establishing this extension is one of the major goals of the Langlands Programme. In this paper, we are interested in one direction of this conjectural extension (see [Tay95] for the statement of the full conjectural correspondence).
Conjecture 1.1. Let K be a number field with ring of integers O K . Let N be an ideal of O K . For every weight 2 newform f over K of level Γ 0 (N) with integer Hecke eigenvalues, there is either an elliptic curve E f /K of conductor N such that residue field of p. It is well known that if A/K is a fake elliptic curve then K is necessarily totally imaginary.
For K totally real, Conjecture 1.1 is known to hold when the Hecke eigenvalue system afforded by f can be captured by a weight 2 newform f ′ on a Shimura curve via the Jacquet-Langlands correspondence (see [Bla04] ). Beyond totally real fields, Conjecture 1.1 is completely open. However there are significant amounts of numerical data (see [GHM78, Cre84, Whi90, Byg98, Lin05, Sch92, GHY12, GY12, Jon14, DGKY14]) collected over the years that support its validity. In fact, when K is a CM-field, one can prove whether a given elliptic curve is modular by a given newform. This employs the existence of 2-dimensional p-adic Galois representations associated to modular forms (see the recent breakthroughs [Sch13, HLTT13] ) and the Faltings-Serre method (see [Liv87, DGP09] ).
It is important to note that Conjecture 1.1 is not a constructive statement, it simply claims existence. And as such, it is not perfectly satisfying. It is desirable to have a description of E f whose existence is claimed by Conjecture 1.1. In this regard, the situation is best over K = Q. One can construct E f analytically as a torus C/Λ using the periods of f . Modular symbols give a method that allows for fast computations of these periods. The celebrated database of elliptic curves over Q of Cremona ([LMF14] ) is based on an efficient implementation of the above strategy. Over totally real fields K, in cases where we can transfer the situation to a Shimura curve as mentioned above, one can describe the period lattice Λ of E f using the periods of f ′ this time. However, one runs into computational difficulties as one does not have the modular symbols method anymore due to the lack of cusps. Recently [VW14] and [Nel12] have made progress in devising efficient algorithms to compute these periods.
Beyond the above situations, no description of E f is known. To date, the only case for which there has been a conjectural description is over totally real fields. In this case, there is a conjecture of Oda [Oda81] which describes the period lattice of E f using the periods of the Hilbert modular form f . In [Dem08, BDK
+ 12], this conjecture was successfully utilized to compute the equation of E f in the case of K = Q( √ 5). However, over general number fields K, the approach of trying to construct the period lattice Λ of E f directly from the periods of f , as in the conjecture of Oda, runs into difficulty as the periods of f do not suffice in general. For example, it is well known (see [Kur78, EGM82] ) that the periods of a weight 2 Bianchi newform f span a one-dimensional lattice in R. Due to the lack of a (conjectural) description, all the numerical works that investigate the validity of Conjecture 1.1 that we alluded to above compile lists of elliptic curves over K essentially by searching through the Weierstrass coefficients in a box.
Our previous paper [GMS14] contains two constructions that lead to two conjectures; one describing the complex period lattice of E f over number fields with at least one real place, a second one describing the homothety class of the p-adic Tate lattice of E f when it admits one. In fact, the focus of [GMS14] was in constructing certain local points on E f which were conjectured to be global (the so-called Darmon points), generalizing the seminal work of Darmon [Dar01] to number fields of arbitrary signature in a cohomological manner that was pioneered by Greenberg [Gre09] . The conjectural description of the lattice (complex or p-adic) of E f was treated rather tangentially, its main role being that of providing well-definedness of the Darmon points. In particular, the experimental evidence supporting the lattice conjecture given in [GMS14] is essentially of an indirect nature, manly coming from the fact that the numerically computed Darmon points appeared to lie on a curve having the predicted lattice.
The focus of this paper is on the conjectural description of the p-adic lattice of E f , in those cases where it admits a Tate uniformization. What we do is to present an explicit description of the construction which is better suited for numerical calculations. For number fields that have at most one complex place, we also provide efficient algorithms for computing the lattices in practice. In addition, we show how to use the information on the homothety class of the lattice to get padic approximations to the algebraic invariants of E f , allowing for the recovery of the Weierstrass equation of E f .
We have successfully implemented our approach and computed extensive tables that cover hundreds of elliptic curves over dozens of numbers fields. In particular, we have produced elliptic curves over number fields whose Weierstrass coefficients have huge heights. In certain situations this method can be more feasible than the "searching methods" that have been employed by many authors, as in [DGKY14, BDK
+ 12]. On the one hand, our data provide an overwhelming amount of data supporting the validity of the conjecture. On the other hand, they show the potential of the method for actually computing equations of elliptic curves attached to modular forms over number fields, which can be helpful in extending Cremona's tables to number fields other than Q. Actually, the only reason why we focus on the p-adic conjecture is that the archimedean conjecture suffers from being ineffective from a computational point of view.
Let us give a sketch of our method and the contents of the paper. Let K be a number field, which we assume of narrow class number 1. Let f be a weight 2 newform of over K of level Γ 0 (N) with integer Hecke eigenvalues. Assume that there is a prime ideal p such that p||N. In Section 2.1, we start with transferring the problem into the realm of the cohomology of arithmetic groups. As it has both theoretical and computational advantages, we consider not only PGL 2 but also its inner forms. We present a cohomological version of Conjecture 1.1 and then show that our assumption above on the level ideal N of f naturally takes fake elliptic curves out of the game.
In Section 2.2, we expose the construction of the p-adic lattice. We first move things from arithmetic group setting to S-arithmetic group setting and single out a Hecke eigenclass Ψ f in the cohomology, with coefficients in the space of rigid analytic differential 1-forms on the p-adic upper half-plane H p , of a certain S-arithmetic group that "captures the arithmetic of f ". Then we consider the p-adic lattice Λ obtained by pairing, under a certain multiplicative integration pairing, Ψ f with certain homology classes with coefficients in degree zero divisors on H p . The main conjecture of this paper then claims that Λ is homothetic to the Tate lattice of an elliptic curve E f over K which is modular by f .
In Section 3 we describe the methods for explicitly computing the p-adic lattice, in the case where K has at most one complex place. What remains to be done is extraction of the algebraic invariants of E f from Λ, which we discuss in Section 4. Let us say a few words about the implementation and the data collected. A more detailed discussion can be found in Sections 3 and 4. All the data regarding the geometry of arithmetic groups, which were used as the input for our (co)homology programs, were obtained using programs of John Voight [Voi09] (for arithmetic Fuchsian groups) and Aurel Page [Pag13] (for arithmetic Kleinian groups). In particular, we were only able to compute with number fields K which were either totally real or almost totally real (that is, with a unique complex place). The p-adic integration pairing was computed using the tools developed by the first two authors in [GM12] . These employ the method of overconvergent cohomology without which the necessary computations would not be feasible.
The homothety class of a lattice Λ = q
given by the choice of splitting isomorphisms at the archimedean places.
If m is an integral ideal of K which is coprime to D, we denote by
and assume that it is torsion-free. The group PGL 2 (R) acts on the upper half-pane H = R × R >0 by fractional linear transformations (for negative determinant matrices, we first apply complex conjugation). Similarly, PGL 2 (C) acts on the hyperbolic 3-space
is a Riemannian manifold of real dimension 2n+ 3s, which is non-compact if and only if the ambient quaternion algebra B is the 2 × 2 matrix algebra over K. 
, where the cohomology on the right is group cohomology. We shall often interchange the two sides without alerting the reader.
These cohomology groups are equipped with the action of the Hecke operators, a collection of endomorphism {T l } indexed by the primes l ∤ D. A cohomology class f ∈ H n+s (Y D 0 (m), C) is said to be a Hecke eigenclass if it is an eigenvector for all the Hecke operators and is said to be rational if all its eigenvalues are integers. That is,
We say that such an f is Eisenstein if a l (f ) = |l| + 1 for all l ∤ D, where |l| stands for the norm of the ideal l. Two Hecke eigenclasses f and f ′ , possibly of different levels m and m ′ , are said to be equivalent if a l (f ) = a l (f ′ ) for all l ∤ mm ′ . We say that f is new if it is not Eisenstein and not equivalent to any Hecke eigenclass of level a strict divisor of m.
The generalized Eichler-Shimura Isomorphism, as established by Harder, and the Jacquet-Langlands Correspondence tell us, roughly speaking, that the cohomology groups H n+s (Y D 0 (m), C) correspond to weight 2 modular forms of level Γ 0 (m). The following conjecture is a cohomological version of Conjecture 1.1, in which we consider not only arithmetic groups for PGL 2 over K but also its inner forms.
be a new rational Hecke eigenclass. If K has some real place, then there exists an elliptic curve E f /K, of conductor Dm, such that
If K is totally complex, then there exists either and elliptic curve E f of conductor Dm satisfying (2.4) or a fake elliptic curve A f /K, of conductor (Dm) 2 , such that
Remark 2.2. Observe that condition (2.4) does not uniquely characterize E f , but only its Kisogeny class. We will abuse the terminology and refer to any curve satisfying (2.4) as the curve E f associated to f . A similar remark holds for A f . 
From Section 2.2 on we will consider levels that have valuation 1 at some prime. The following proposition and corollary rule out the possibility of having a fake elliptic curve in that setting.
Proposition 2.4. Let A be a fake elliptic curve over K of conductor L, and let p be a prime
Proof. Let A ′ denote the connected component of the special fiber at p of the Néron model of A. By the Chevalley theorem on algebraic groups there is an exact sequence
with B an abelian variety, T a torus, and U a unipotent group. Denote by t the dimension of T , and by u the dimension of U . The valuation of L at p is given by
where d p is the Swan conductor. It is well known that A has potentially good reduction (see, e.g., [Rib81, Theorem 3]), so that t = 0. Since A has bad reduction at p, we have that necessarily u > 0. Therefore, in order to finish the proof, we need to rule out the case u = 1.
If u = 1 then B is an elliptic curve. Any endomorphism of A gives rise to an endomorphism of its Neron model, so that End(A) acts on A ′ . By functoriality we see that End(A) also acts on B (this follows, for instance, from the fact that B is the Albanese variety of A ′ ). Thus B must be a supersingular elliptic curve and, moreover, End(B) ⊗ Q ≃ End(A) ⊗ Q. But this is impossible: by a theorem of Tate ([Tat66, Theorem 2]), the endomorphism algebra of a supersingular elliptic curve is ramified at ∞; on the other hand, that of a fake elliptic curve is well known to be split at ∞ (this follows from results of Shimura [Shi63] 
Let n be an ideal coprime to pD, and let f ∈ H n+s (Γ D 0 (pn), C) be a new rational Hecke eigenclass. The goal of this section is to construct a lattice Λ f ⊂ C × p which we conjecture is homothetic to the Tate lattice of some elliptic curve E f over K that is modular by f . This will be done in subsection 2.2.5 below. Before that, we briefly recall some of the tools that will be used and we fix some notation. 
For a set of primes S of O K we let O K,S denote the S-integers of K, that is the set of x ∈ K such that v q (x) ≥ 0 for all primes q ∈ S. We put R = R 
2.2.3. Bruhat-Tits tree, harmonic cocycles, and measures. Let T denote the Bruhat-Tits tree of PGL 2 (K p ). Its set of vertices V is identified with the set of homothety classes of O Kp -lattices in K 2 p . Its set of directed edges E consists on ordered pairs (w 1 , w 2 ) ∈ V × V such that each w i can be represented by a lattice Λ i with pΛ 1 Λ 2 Λ 1 . The natural action of PGL 2 (K p ) on the lattices induces an action on T .
For e = (w 1 , w 2 ) ∈ E we let s(e) = w 1 denote its source, t(e) = w 2 its target, andē = (w 2 , w 1 ) its opposite. Let v 0 ∈ V be the vertex corresponding to O Kp × O Kp and v 1 that corresponding to O Kp × pO Kp , and let e 0 ∈ E be the directed edge (v 0 , v 1 ). We denote by V 0 the set of even vertices (i.e., those at an even distance of v 0 ), and by V 1 the set of odd vertices. Similarly, E 0 stands for the set of even edges (those e such that s(e) is even) and E 1 for the odd edges.
We can, and do, fix a splitting isomorphism
In this way we identify Γ D 0 (pn), Γ D 0 (n), and Γ with their images in PGL 2 (K p ) under ι p , so that they acquire an action on T . It turns out that Γ acts transitively on E 0 , and this gives rise to one-to-one correspondences
induced by g → gv 0 and g → ge 0 , respectively. Similarly, if we set Γ
π then the maps g → gv 1 and g → ge 1 induce bijections
As a consequence of (2.7), for any abelian group A (with trivial Γ
where Ind stands for the induced module and F (X, Y ) for the set of functions from X to Y . Similar isomorphisms are deduced from (2.8).
Let F 0 (E, A) be the set of functions µ : E → A such that µ(e) + µ(ē) = 0. There are two degeneracy maps ϕ s , ϕ t :
µ(e) and ϕ t (µ)(v) = t(e)=v µ(e).
The map ϕ s sends F 0 (E, A) exhaustively onto F (V, A). The group of A-valued harmonic cocycles, denoted HC(A), is defined to be the kernel; that is, it is defined by the exact sequence
and, for any B ∈ B, the following compatibility condition holds:
One consequence is that, in particular,
. This facts, together with (2.7), imply that any µ ∈ Meas 0 (P 1 (K p ), Z) can be identified with a function µ : E 0 → A satisfying the compatibility coming from (2.10). This compatibility condition turns out to be that of being a harmonic cocycle. Therefore, we have an isomorphism
, which we will use to identify measures and harmonic cocycles from now on.
Multiplicative integration pairing.
× one defines the multiplicative integral of f with respect to µ to be
where U runs over coverings of P 1 (K p ) by compact open balls whose diameter approaches to 0, and t U is any sample point in U .
Let H p = C p \ K p denote the p-adic upper half plane. Using the above multiplicative integrals one defines the following pairing:
This induces, by cap product, a multiplicative integration pairing between Γ-(co)homology groups:
Denote by Ω 1 Hp (Z) the Z-module of rigid-analytic 1-forms on H p for which all of their residues are in Z. It is well known that by considering residues of harmonic cocycles on carefully chosen annuli in H p , one can exhibit an isomorphism between HC(Z) and Ω . In this section we construct a lattice Λ f ⊂ C × p . More precisely, Λ f will be the lattice generated by a quantity q f ∈ C × p that will be defined as
for certain cohomology class ω f ∈ H n+s (Γ, HC(Z)) and homology class ∆ f ∈ H n+s (Γ, Div 0 H p ). Next, we give the definition of ω f and ∆ f . By Shapiro's Lemma and (2.9) we have the following isomorphisms:
By definition of harmonic cocycles we have an inclusion HC(Z) ⊂ F 0 (E, Z) ≃ F (E 0 , Z). Therefore, there is a natural map
It turns out that the class corresponding to f under the identifications (2.13) lies in the image of ρ, and we define ω f ∈ H n+s (Γ, HC(Z)) to be an element such that ρ(ω f ) = f . By duality between homology and cohomology groups, the Hecke eigenclass f ∈ H n+s (Γ D 0 (pn), Z) gives rise tof ∈ H n+s (Γ D 0 (pn), Z) characterized, up to scaling, by the fact that it has the same eigenvalues as f for all the Hecke operators.
Since Γ is isomorphic to the amalgamated product Γ
, the corresponding MayerVietoris sequence gives, at degree n + s:
The fact thatf is new at p is equivalent to ∂ * (f ) = 0. Therefore, there exists a homology class
Now consider the exact sequence defining Div 0 (H p ):
The homology exact sequence gives a connecting homomorphism
and we define ∆ f = δ(c f ).
Finally, we define the period q f by
and the p-
. Conjecture 2.6. The lattice Λ f is commensurable with the Tate lattice of an elliptic curve E f over K which is modular by f .
Remark 2.7. The above conjecture is known for K = Q: for B = M 2 (Q) it was proven by Darmon [Dar01, Theorem 1], who showed that in fact is equivalent to the Mazur-Tate-Teitelbaum conjecture, now a theorem of Greenberg-Stevens [GS93] ; for B a quaternion division algebra over Q it was proven by Dasgupta-Greenberg [DG12] and, independently, by Longo-Rotger-Vigni [LRV12] . Conjecture 2.6 was stated for totally real K in [Gre09] and for K of arbitrary signature in [GMS14] . To the best of our knowledge, in these cases it remains open.
Explicit methods and algorithms
In this section we describe explicit algorithms for computing Λ f , in the particular case that n + s = 1. Observe that n + s is the degree of the (co)homology groups involved in the construction of Λ f , and this is precisely the reason why we impose this restriction: we want to work with (co)homology groups of degree 1, because they are easier to handle computationally.
Recall that a number field is said to be almost totally real (ATR for short) if it has one complex place. That is, if it is of signature (r, 1) for some r ≥ 0. The condition n + s = 1 implies that K must be either totally real or almost totally real, which we assume from now on.
Remark 3.1. We believe that it should be possible to extend the algorithms of this section to (co)homology groups of degrees > 1, and that this would be interesting because it would allow to do computations in fields K of arbitrary signature. However, we have not made any serious attempt in this direction.
The input for the algorithms of this section is the following: a quaternion algebra B/K of discriminant D which is split at one archimedean place, an ideal n coprime to D, and a prime p such that p ∤ nD. The aim is to compute
(1) the rational Hecke eigenclasses f ∈ H 1 (Γ D 0 (pn), Z) or, equivalently, the rational Hecke
Then, for each rational Hecke eigenclass (if any) we compute (2) the homology class ∆ f ∈ H 1 (Γ, Div 0 H p ), (3) the cohomology class ω f ∈ H 1 (Γ, HC(Z)), and (4) the period
We will take for granted the algorithms for working with quaternion algebras and their orders (cf., e.g., [Voi13] ), for instance those implemented in Magma [BCP97] . Key to the methods that we present in this section are also the algorithms for computing arithmetic groups of the form Γ D 0 (m). For quaternion algebras over totally real fields they are due to John Voight [Voi09] , and over almost totally real fields to Aurel Page [Pag13] . In particular, we assume that there are algorithms for computing a presentation of Γ D 0 (m) in terms of generators and relations and to solve the word problem, that is, any g ∈ Γ D 0 (m) can be effectively expressed in terms of the generators. Let us also fix some notation and conventions regarding homology and cohomology groups. Let G denote a group and A an abelian G-module. We will work with the so called bar resolution, in which the group of i-chains is taken to be
The boundary maps, which we only need in degrees 1 and 2, are given by
For cohomology, the (inhomogeneous) i-cochains are the maps from G i with values in A, and the coboundaries in degrees 0 and 1 are
3.1. The rational Hecke eigenclass. Finding rational Hecke eigenclasses amounts to compute matrices of Hecke operators acting on
For totally real number fields, one can use the algorithms of [GV11] , which in fact are valid more generally for cohomology groups of degree > 1. In this section we use the explicit presentations and solutions to the word problem provided by [Pag13] to treat also the case of ATR fields, but only in (co)homological degree 1. We present the methods just for homology, although everything can be easily adapted to cohomology as well.
The main idea is that homology in degree 1 is the same as the abelianized of the group. Indeed, for any group G there is a canonical isomorphism φ : G ab ≃ H 1 (G, Z). If we identify the abelianized
, then φ is induced by the map (which, by abuse of notation, we also call φ)
Using the algorithms of [Voi09] and [Pag13] we can compute a presentation for Γ Q) . Therefore, for a prime l ∤ pnD the Hecke operator T l will be described by a matrix M (T l ) ∈ M d (Z), which we next explain how to compute.
Let π l ∈ R D 0 (pn) be an element whose reduced norm generates l and is positive under the real embeddings of K. Then there is a decomposition
Since we know that there are |l| + 1 cosets, the g i 's are easy to find in practice. Indeed, all of them are of the form gπ l with g ∈ Γ D 0 (pn) 
× be an element of reduced norm u. The involution T u is given by the formula
and we can compute its matrix M (T u ) ∈ M d (Z) by the same procedure as with the Hecke operators at finite primes T l . Now, in order to determine the rational Hecke eigenclasses one decomposes the free part of Γ D 0 (pn) ab into simultaneous eigenspaces with respect to the action of
2 , and the matrices M (T l ), for several l's until all the eigenspaces are irreducible (typically a few l's will suffice). The one dimensional eigenspaces, if any, correspond to the rational Hecke eigenclasses.
In view of what we explained, a rational Hecke eigenclass f will be regarded, in practice, as an element γ f ∈ Γ D 0 (pn) with the property that for all l ∤ pnD one has [T l ([γ f ])] = a l [γ f ] for some a l ∈ Z, where T l is given by the formula (3.2). To lighten the notation, when there is no risk of confusion we will identify γ f with its homology class [γ f ]; thus we think of γ f as an element of
3.2. The homology class. In this subsection we take as input the γ f ∈ H 1 (Γ D 0 (pn), Z) constructed in §3.1, and we provide an algorithmic procedure to compute the homology class ∆ f ∈ H 1 (Γ, Div 0 H p ) defined in §2.2.5. The first step is to compute the element c f ∈ H 2 (Γ, Z) which maps to γ f under the map d : H 2 (Γ, Z) → H 1 (Γ D 0 (pn), Z) of (2.14). We will again freely use the identification G ab ≃ H 1 (G, Z). Recall that it is induced by the map φ of (3.1). The following properties are straightforward to check: 
Recall the element ω π ∈ R 
is new at p. This is equivalent to say that, after extending coefficients to Q, it lies in ker(α) ∩ ker(α). Therefore, the class of γ f is torsion when viewed as an element in both Γ By definition ∆ f = δ(c f ), so the next step is to compute the image of c f under the connecting homomorphism δ : H 2 (Γ, Z) → H 1 (Γ, Div 0 H p ) of (2.15). The following lemma gives an explicit formula in terms of cycles.
Lemma 3.3. Let τ be any element in H p . The connecting homomorphism δ is the one induced at the level of chains by the map
. By the definition of the connecting homomorphism δ we have that
But since c is a cycle we have that ∂ 2 ( n i g i ⊗ h i ) = 0, and therefore
From this we have that
and plugging this into (3.4) we obtain that
3.3. The cohomology class. Unlike the homology class of the previous section, the cohomology class ω f is exactly the same as that arises in the computation of Darmon points. Explicit algorithms for its calculation were given in [GM14] in the case where the base field is K = Q, and they can be adapted without much difficulty to general K. We next describe the main steps of these algorithms, and the reader is referred to [GM14] for more details. The element γ f ∈ Γ D 0 (pn) computed in 3.2 gives rise to a cohomology class ϕ f ∈ H 1 (Γ D 0 (pn), Z). Since the 1-coboundaries are trivial in this case, there is no necessity of distinguishing between a cocycle and its cohomology class. That is, ϕ f is just a homomorphism Γ D 0 (pn) ab → Z. We have seen that Γ D 0 (pn) ab decomposes as a direct sum of irreducible spaces for the action of the Hecke algebra, and that one of the rank 1 subspaces is generated by γ f . Then ϕ f is the map that sends γ f to 1 and the elements in the other subspaces to 0.
Recall that Shapiro's lemma and (2.9) give rise to
When constructing ω f we saw that the image of ϕ f on the group of the right lies in the image of the natural map
and a preimage is, by definition, ω f . The isomorphisms (3.5) are induced by maps on cocycles which are completely explicit, so one can effectively compute a cocycle in Z 1 (Γ, F (E 0 , Z)) whose class corresponds to the image of ϕ f . However, this cocycle will not in general take values in the submodule HC(Z) of F 0 (E, Z) (what it is true is that it will be cohomologous to a cocycle with values in harmonic cocycles).
The problem is that the map on cocycles that induces Shapiro's isomorphism depends on the choice of a system of representatives for Γ .7)), and the representatives of Γ D 0 (n)\Γ by vertices in V 0 . We define {γ e } e∈E0 and {γ v } v∈V to be the systems of representatives uniquely determined by the conditions:
• γ t(e) = γ e for all e ∈ E 0 such that d(t(e), v 0 ) > d(s(e), v 0 ). We next describe a cocycle µ f which represents the image of ϕ f under (3.5). In order to lighten the notation we set µ = µ f , since f is fixed in this discussion. For e ∈ E 0 and g ∈ Γ, let h(g, e) ∈ Γ D 0 (pn) be the element determined by the identity γ e g = h(g, e)γ g −1 e . (3.6) Now for g ∈ Γ, let µ g : F (E 0 , Z) → be the map defined by µ g (e) = ϕ f (h(g, e)), for e ∈ E 0 . (3.7)
Since the system of representatives of Γ D 0 (pn)\Γ was taken to be radial, µ g belongs in fact to HC(Z) (cf. [LRV12, Proposition 4.8]). In addition, µ is a 1-cocycle, i.e., µ ∈ Z 1 (Γ, HC(Z)). The cocycle µ is not yet a cocycle representing the cohomology class ω f , but almost. The last step is to "project to the cuspidal part". For this, let l be a prime not dividing pnD and consider the projector T l − |l| − 1. The cocycle (T l − |l| − 1)µ turns to be the correct one, i.e., it represents (a multiple of) ω f . Since considering a multiple of ω f does not change the homothety class of the lattice Λ f , we can assume that ω f is given by (T l − |l| − 1)µ.
In view of the above discussion, the calculation of ω f in practice boils down to the effective computation of the elements h(g, e) of (3.6). This can be done with the algorithm of [GM14, Theorem 4.1].
3.4. The multiplicative pairing. In order to simplify a little bit the computations, it is convenient to use the Hecke equivariance of the integration pairing and write
where µ is the explicit cocycle defined in (3.7). The reason is that the Hecke action is slightly easier to compute on
, simply because the coefficients are easier to manipulate. Indeed, we use the explicit formula (3.2) to compute T l ∆ f . Now (T l − |l| − 1)∆ f is of the form
Therefore, computing q f boils down to compute multiplicative integrals of the form
These integrals can in principle be computed, up to finite precision, by Riemann products. Namely, by taking a finite covering U of P 1 (K p ) and evaluating the expression appearing in (2.11). However, this method is of exponential complexity in terms of the number of p-adic digits of accuracy, and it is too inefficient for practical purposes.
Integrals (3.8) can be computed instead by using the method of overconvergent cohomology of [PP09] , a generalization of Steven's overconvergent modular symbols (cf. [PS11] ) which is of polynomial complexity and much more efficient in practice. This method is explained in [GM14,  §5] for the case where K = Q. However, the assumption that K = Q is by no means essential, and all the calculations and algorithms of loc. cit. go through with no essential difficulty to any K.
Numerical computations
We have implemented in Sage [S + 14] the algorithms described in Section 3 that compute approximations to q f . Some of the code uses routines that are currently only available in Magma. The implementation is done under the (inessential) additional restriction that the prime p is of residual degree 1. This simplifies the routines involving calculations in the local field, since in that case K p is Q p (here p is the norm of p), rather than an extension of Q p . The code and the instructions for using it are available at https://github.com/mmasdeu/darmonpoints.
4.1.
Recovering the curve from the L-invariant. Recall that the rational Hecke eigenclass f of level pn on a quaternion algebra of discriminant D should correspond to an elliptic curve E f of conductor N = pDn. According to Conjecture 2.6, the lattice generated by q f is commensurable with the Tate lattice of a curve satisfying the defining properties of E f (i.e., a curve of conductor N and such that #E f (O K /l) = |l| + 1 − a l (f ) for all primes l of K). In order to test this conjecture we use the calculated q f to "discover" an equation for E f .
Roughly speaking, the idea is that conjecturally the Tate parameter of E f is of the form q r f for some r ∈ Q, and from the Tate parameter one can compute the j-invariant by a well-known power series. Therefore, the problem reduces to that of computing the equation of a curve over K, given a p-adic approximation to its j-invariant. For this we use some of the methods of [CL07] .
More precisely, we look for a Weierstrass model of the form
for which we know (an approximation of) the j-invariant. The main idea is to use the relation j = c 3 4 /∆, where ∆ denotes the discriminant of the above model. Of course we do not know ∆ a priori, but we have certain control on it: by [CL07, Proposition 3.2], its class in
which is a finite set. What we do is to run over ∆'s in K (N, 12) ; for each try of ∆, we can assume that the valuation of ∆ equals the valuation of q E , and from this we get the r for which q r f is a candidate for q E . We then compute j from the candidate to q E and try to recognize 3 √ j∆ as an element of K. If we succeed, this is the c 4 and the c 6 can then be computed by means of ∆ = (c 3 4 − c 2 6 )/1728. Summing up, the algorithm that we use is the following. The input is the element q f ∈ C × p , which we have computed up to, say, N digits of p-adic accuracy (we can assume that v p (q f ) > 0, for we can replace q f by q . If the conductor is equal to N, then return this curve. Note that if we reach this step, then there are six possilibities to try, for c 4 can be modified by third roots of unity, and c 6 by a sign.
Two remarks are in order here: a) Observe that the precision to which we need to know q f is determined by the height of the c 4 in a Weierstrass model of E f . Indeed, if the precision of q f is too small one is in general not able to recognize c 4 from its p-adic approximation c ′ 4 . b) If the above algorithm returns the equation of a curve, Conjecture 2.6 would imply that it is an equation of E f . In that sense, one might think that the algorithm is only conjectural. However, if it returns a curve one can always check a posteriori whether such a curve satisfies the defining properties of E f , by checking that its a p 's coincide with the eigenvalues of f by T p .
Numerical results.
We have performed systematic calculations for totally real fields of degree 2 and 3, and for ATR fields of degree 2, 3, and 4. For each of these degrees, we have considered the number fields of narrow class number 1 and discriminant in absolute value up to 5000 (this data was obtained from LMFDB [LMF14] ). For each such number field K we have exhausted all levels N up to a norm 200 which satisfy certain additional restrictions. First of all, recall that the method presented in this note can only be applied to those N satisfying that:
• N can be factored into pairwise coprime ideals pDn, where p is prime and D is the discriminant of a quaternion algebra B/K which is split at one archimedean place.
In addition, we have imposed additional restrictions in order to simplify the coding of some routines and speed up the computations. Namely:
• The norm of p is at most 23 (primes of large norm slow down our implementation of the integration routines); • The norm of p is a prime number (so that K p ≃ Q p rather than a finite extension, which simplifies the p-adic routines). For every field K and every factorization of N = pDn satisfying the conditions above, we have computed H 1 (Γ D 0 (pn), Q) (for a choice of the quaternion algebra B of discriminant D and that splits at one archimedean place). For most of the levels this homology group does not contain any rational Hecke eigenline, and thus one does not expect an elliptic curve of that conductor. For the levels in which there are rational lines, we have computed the L-invariant of each line, and tried to recognize an algebraic curve over K whose L-invariant matches up to high p-adic precision and whose conductor is N.
In the appendices we provide tables for the results of these computations. Each row contains the number field K, the level N factored as pDn and the coefficients c 4 and c 6 for the found curve of conductor N. These c 4 and c 6 are not necessarily minimal, in the sense that there might be curves of smaller height in the same isogeny class.
We warn the reader that these tables are not complete in the sense that for each K not necessarily all the levels N of norm ≤ 200 and satisfying the above restrictions appear. The first reason is that
might not contain any rational line and no curve is expected at that level. Such levels can also be of some interest and they can be found in a more complete version of the tables at https://github.com/mmasdeu/elliptic_curve_tables. Another reason, this one related to our implementation, is that we imposed a limitation of time and computations taking too long were stopped 1 . Also, in some occasions, the p-adic lattice has been successfully computed, but we have not been able to recognize an algebraic curve of the right conductor from the Tate period q f . This usually happens when the precision to which we have computed q f (which is roughly 100 decimal digits, in our case) is not enough because the curve has too large height. Finally, runtime errors have occasionally arisen.
We remark that for each N there might be several choices for the prime p, as well as several choices for the factorization of N as pDn. In particular, in the tables it is sometimes the case that the same (isogeny class of) elliptic curve is found from different factorizations of N.
Discussion and further improvements
The extensive numerical calculations that we have carried out provide some evidence of the validity of Conjecture 2.6. They also illustrate how the construction of the p-adic lattice can be translated into explicit algorithms which are well suited for systematic computations.
Along the text we imposed a number of conditions to the fields and levels that we consider. Some of these conditions are inherent to the method; the main one is the necessity of having a prime p || N and a factorization N = pDn with D the discriminant of a quaternion algebra over K that splits at one archimedean place. Most of the other extra restrictions we imposed were just simplifying assumptions. Therefore, it might be interesting to relax them, as that would enlarge the types of fields and levels for which one is able to compute curves. Some of the possible improvements, both to the given algorithms and to our current implementation of them, might be:
1 We limited to 30 minutes the time allowed to compute the arithmetic group Γ D 0 (pn), and to 120 minutes the time to do the rest of the calculation (homology class, cohomology class, and integration pairing)
• Do the local computations over finite extensions of Q p ; this would allow to treat p's of residual degree > 1.
• Improve the integration routines in order to allow p's of higher norm.
• One of the bottlenecks of our current implementation is the computation of Γ D 0 (pn) ⊂ B using the routines of John Voight and Aurel Page. This is usually much more computationally demanding than computing Γ D 0 (1), the norm one elements of a maximal order. In this kind of situations, a usual trick is to replace groups of the form
A) via Shapiro's Lemma. Implementing this approach is likely to lead to an improvement of the overall running time.
• Develop algorithms for working with (co)homology groups of degree higher than one. This would allow to treat fields K having more than one complex place.
• Provide a construction of the lattice Λ f when K has narrow class number > 1. This would probably involve working adelically.
Appendix A. Tables
We include tables of curves for number fields other than Q of signatures (r, s) with s ≤ 1, and for which r + s ≤ 3. That is, when s = 0 we looked at totally real quadratic and cubic fields; when s = 1 we looked at cubic ATR fields (of signature (1, 1)) and quartic ATR fields (of signature (2, 1)). Each row of the tables consists of five columns:
(1) the absolute value |∆ K | of the discriminant of the field K, 
Real quadratic fields
|∆ K | f K (x) Nm(N) pDm c 4 (E), c 6 (E) 5 [−1,|∆ K | f K (x) Nm(N) pDm c 4 (E),|∆ K | f K (x) Nm(N) pDm c 4 (E),
